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In the note by Khemani et al. [arXiv:2001.11037] the authors express conceptual disagreement
with our recent paper on quantum time crystals [Phys. Rev. Lett. 123, 210602]. They criticise the
idealized nature of the considered quantum time crystal, and make several points about properties
of Hamiltonians presented in our work. In this reply we answer one-by-one all questions raised in the
discussion. As for the ideological dispute, it brightly highlights a bizarre nature of time crystalline
order in closed quantum systems, and we offer a different vision for the development of the field.
In the paper [1] we discuss the time crystalline be-
havior following a well-accepted definition by Watanabe
and Oshikawa [2]. It concerns a closed quantum sys-
tem of coupled spins where drive and decay processes are
absent (as envisioned by Frank Wilczek in the outlook
of Ref. [3]). Searching for a suitable Hamiltonian that
allows for time-periodic spin correlations to exist in the
thermodynamic limit, we discover a family of time crystal
(TC) Hamiltonians satisfying this condition, yet having
diverse properties. The characteristic trait of TC Hamil-
tonians is the presence of multiparticle interaction which
involvesO(N) spins, being the consequence of Watanabe-
Oshikawa definition, that can be traced to a demand that
oscillations of magnetization correlation function remain
non-zero in the limit of infinite number of particles N .
First, in the note Khemani et al. [4] criticise the
considered system for being ideal and compare it to the
mathematical pendulum concept. We show that this is
not the case. If as suggested we assume that the center
of mass coordinate xˆCM = N
−1
∑N
i xˆi and momentum
pˆCM =
∑N
i pˆi of a pendulum are isolated from other de-
grees of freedom, the resulting Hamiltonian has the form
HˆCM = pˆ
2
CM/(2Nm0) + Nm0ω
2xˆ2CM/2, where
Nm0 is a total mass of the system, and ω is
its frequency. By direct calculation one can
check that the ground state correlation function
〈0|xˆCM(t)xˆCM(0)|0〉 = ~/(2Nm0ω)e
−iωt vanishes in the
thermodynamic limit N → ∞, making it unsuitable for
the role of a time crystal.
Second, Khemani et al. suggest introducing N -body
observables, stating that in this case every system is a
time crystal. We note that the claim does not apply to
our system as we strictly follow the conventional defini-
tion by Watanabe and Oshikawa [2]. If we are allowed
to change definitions, time crystalline behavior becomes
possible with finite-range interactions [5].
Next, to start the analysis of possible TC Hamiltonians
in [1] we present several toy models described by Eqs. (5)
and (9). They serve a solely pedagogical purpose. The
concern about stability and simplicity of these Hamilto-
nians is not crucial to understanding the concept. They
are introduced as intermediate steps on the way towards
one of the main results of the paper – the Hamiltonian
in Eqs. (10)–(11). It reads Hˆ(J) = −
N∑
j=1
σ
(j)
z σ
(j+1)
z +
J
(
σ
(1)
x σ
(2)
x ...σ
([N/2])
x − σ
([N/2]+1)
x ...σ
(N)
x
)
, where σ
(j)
z and
σ
(j)
x are standard Pauli operators acting at site j. This
Hamiltonian, first introduced in Ref. [6] outside of the
context of time crystals, is stable at zero temperature
against perturbations such as Heisenberg exchange or
a random onsite field and has non-trivial many-body
Hilbert space, thus removing the claims in Ref. [4]. We
further note that Hamiltonian Hˆ(J) is one of many pos-
sible TC Hamiltonians defined by conditions (a) and (b)
(p. 2 in Ref. [1]), and is chosen as the one hosting non-
degenerate GHZ states in the spectrum.
The finishing part of [4] notes that TC Hamiltonians
discovered in the closed quantum system are reminiscent
to Floquet time crystals governed by a simple drive se-
quence, yet require long-range multiparticle interaction.
This is exactly the point we consider in the end of our
paper [1], and no new information is presented.
Next, Ref. [4] highlights an infinite range of proposed
TC Hamiltonians and questions the influence of retarda-
tion. While quantum TC Hamiltonian Hˆ(J) is physically
reasonable, as explained above, we agree that it is an ex-
tremely complicated Hamiltonian to simulate for increas-
ing number of sites. In fact, the original no-go theorem
from Ref. [2] was recently strengthened [7, 8] to show that
any Hamiltonian, represented by a sum of finite range
terms with a constant-bounded operator norm, can not
represent a quantum time crystal. Thus, if one manages
to improve the locality of TC Hamiltonian as compared
to the Hamiltonian Hˆ(J) with N/2-body couplings—an
interesting quest by itself—then in according to afore-
mentioned theorems it would inevitably contain infinite-
range terms in the thermodynamic limit. Recently we
became aware of the study [9], where it is claimed that
2one may realize a time crystal using infinite-range, but
finite-body interactions.
We note that infinite range m-body interactions in
m ≤ N -body systems are actively studied in condensed
matter physics, quantum field theory [10–13] and quan-
tum information [14, 15]. They are related to Hamilto-
nians usually simulated in quantum chemistry [15, 16],
as Jordan-Wigner transformation of fermionic Hamilto-
nians generally leads to qubit (spin-1/2’s) Hamiltonians
in the form of spin string sums. Such Hamiltonians with
multi-particle interactions appear in systems where some
of degrees of freedom are integrated out [15]. The re-
quirement for an ideal noiseless operation thus poses the
question: do we need fault-tolerant quantum devices to
realize quantum time crystals?
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